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LINEAR
ALGEBRA PROBABILITI

Foundations Applications

Abstraxt treatment of topics

Emphasis on proofs

Applications in CS Math



Linear Algebra

Study of spaces where we can add stuff

Why me Papers basins

Formalism for Physics Quantum

CS applications



Fields

set where we can do arithmetic

set IF operations IF IF F satisfyingIF IF IF

commutativity at b bta a b b a

associativity a b c atlbtd.ca b c a b c

identity O GIF s.t.at Of a Ha

I GIF sit a If a ta

inverse a a s.l.at a Of atop a a a 1

distributivity a b c a b a c

Ex a b Of a Of or b OF



Examples
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a b to c d atc bot d

a b c d actbd ad bc

11 1 1 1 0 0 2

3
5



Fp 0 1 p 77 for prime p

also written as GF p

a b a b mod p

a b a b mod p

Ex Show that above fails when p is not prime
e.g p 6

Ex Show that a bit c a b c eQ

is a field



Vector Spaces

Set of objects we can add and scale

Vector space V over IF associated I

commutativity Utv rtn

associativity of addition V W U v w

pseudo associativity of multiplication a b U

identity on 0 u u
a Cb

If U 4 9,5 f IF UFV

inverse for addition n y Utu Ov

distributivity a un a ux a



Examples

Any IF is a vector space over itself

Fd is a vector space over IF d FIN

IR is a vector space over Q

Polynomials in X with real coefficients

IR If cix EN Co GEIR

IF x when degree n EEN

Continuous functions 0,1 A f IO 11 IR f is continuous

Vector space over IR



Ex Fib f N IR f n f n 1 f n 2 n 2

is a vector space over R

Linear Dependence S EY is linearly dependent

if In E N V Pn E S G Cn E IF not all zero 5.7

S EV not linearly dependent linearly independent

e g Find three linearly dependent vectors in R

11 12 131 19 i



Examples

a _an ER distinct glx FI x ai EIRE

fi 1g j aj f fin LI over IR

1006 c f t city t cn.fm On

Xia
T T

4.191
0 4 0

C O en 0

Ex 1 v2 13 LI over Q but not over R



Span and Bases

For SEV Span s Ifci Vi 1 F main

B is a basis for V if

B is LI

Span B V

aim

If B is a basis then for each VEY

theme is a unique choice of 4 Cn GIF
V Yn Be

5.7 V C V 7 cn.vn



Back to polynomials

a an IF distinct fi x II Ix aj

basis for IF x f fin LI over IF

Lagrange Interpolation Unknown f RE x

sit f a b flan bn

I unique C a sit f C f t Cn for
b Ca t tail Ffa

c Cn

f Ffan filx



Application Secret Sharing Shamin 79

Share secret S E O M with n people sit

If any d get together they learn s

Fewer than I do not get any information

Scheme

Choose Ip with p Max in M

Choose random C Cd_ E Fp and take

Q x St G X Ca
d 1

Person i gets i Q il for 1 1 n


